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Linear Constant Coefficient Difference Equations (LCCDE)

(both sides look like convolution)

<latexit sha1_base64="f1tE/TWgzqzEUR6xLy8YNIRKQN0="></latexit>

a[0]y[n] =
MX

m=0

b[m]x[n�m]�
NX

k=1

a[k]y[n� k]

<latexit sha1_base64="Wce9i7iWdVw2xiy5rE1f9v5SIzs="></latexit>

NX

k=0

a[k]y[n� k] =
MX

m=0

b[m]x[n�m]

(initial conditions)

<latexit sha1_base64="CHFN07Ugi51kEMypV1k3UIwgKEA="></latexit>

Umbm�HHv a[0] = 1V

<latexit sha1_base64="NGt8V0VOdHQOcK8ba3GetdnZZfI="></latexit>

hQ +QKTmi2 QmiTmi- bQHp2 7Q` y[n]X

<latexit sha1_base64="6l5PKc1ZEDiwbfIVhIjidlWoTf0="></latexit>

LQi2 i?�i +m``2Mi QmiTmi y[n] /2T2M/b QM,

Ç *m``2Mi BMTmi, x[n]

Ç S�bi BMTmib, x[n� 1], · · · , x[n�M ]

Ç S�bi QmiTmib, y[n� 1], · · · , y[n�N ]

(recursive formula)

(input)(output)



Linear Constant Coefficient Difference Equations (LCCDE)

Forward recursion leads to causal output signal.
<latexit sha1_base64="f1tE/TWgzqzEUR6xLy8YNIRKQN0="></latexit>

a[0]y[n] =
MX

m=0

b[m]x[n�m]�
NX

k=1

a[k]y[n� k]

<latexit sha1_base64="ruiJrNje+gelJC7Q2iGntCU3MLs="></latexit>

a[N ]y[n�N ] =
MX

m=0

b[m]x[n�m]�
N�1X

k=0

a[k]y[n� k]

Backward recursion leads to anti-causal output signal.

• For LCCDE to represent LTI system, need zero initial 
conditions.


• All LTI systems representable by difference equations.



Linear Constant Coefficient Difference Equations (LCCDE)
<latexit sha1_base64="Wce9i7iWdVw2xiy5rE1f9v5SIzs="></latexit>

NX

k=0

a[k]y[n� k] =
MX

m=0

b[m]x[n�m]

Finite Impulse Response (FIR) Infinite Impulse Response (IIR)

<latexit sha1_base64="TSWxHR/AaoB/5juFsHQBJM2YiH0="></latexit>

a[0] = 1, N = 0,M < 1
<latexit sha1_base64="drDBHrcCMc6OFSAYUVyOIFiMq2E="></latexit>

y[n] =
MX

k=0

b[m]x[n�m]

<latexit sha1_base64="Zroj0+jo038Q3iLij807NTNGx74="></latexit>

N > 0
<latexit sha1_base64="Wce9i7iWdVw2xiy5rE1f9v5SIzs="></latexit>

NX

k=0

a[k]y[n� k] =
MX

m=0

b[m]x[n�m]

•No feedback

• Feed forward

•Convolution

•conv command in Matlab

• Feedback

•Recursive

•Difference equation

•filter command in Matlab



Linear Constant Coefficient Difference Equations in Matlab
<latexit sha1_base64="Wce9i7iWdVw2xiy5rE1f9v5SIzs="></latexit>

NX

k=0

a[k]y[n� k] =
MX

m=0

b[m]x[n�m]

Finite Impulse Response (FIR) Infinite Impulse Response (IIR)
<latexit sha1_base64="8C7Y6ZRxchu7wRCupn+g6uCDnkE="></latexit>

a = [a0, a1, · · · , aN ]

b = [b0, b1, · · · , bM ]

x = [x0, x1, · · · , xL]

y = [y0, y1, · · · , yL]
y = 7BHi2`(b,a,x)

<latexit sha1_base64="AQVrTb/vLjGOJjQWyaClj7ZNxxo="></latexit>

a = 1

b = [b0, b1, · · · , bM ]

x = [x0, x1, · · · , xL]

y = [y0, y1, · · · , yL]
y = 7BHi2`(b, 1,x)
y = +QMp(b,x)



Example: Accumulator
<latexit sha1_base64="eBv+M//V9mKy02ukMFa6pO0eKIA="></latexit>

*QMbB/2` �M GhA bvbi2K ?�pBM; BKTmHb2 `2bTQMb2 u[n]X
h?2 QmiTmi Bb

<latexit sha1_base64="eoFsRcCRAXIzNXjHUITv53fo2vg="></latexit>

y[n] = x[n] ⇤ u[n]

=
1X

k=�1
u[k]x[n� k] =

1X

k=0

x[n� k]

=
1X

k=�1
x[k]u[n� k] =

nX

k=�1
x[k]

<latexit sha1_base64="b0ihlGQ0OBV2GHhefAD8X0V+n5I="></latexit>

h?2 QmiTmi y[n] Bb i?2 �++mKmH�i2/ bmK Q7 i?2 +m``2Mi
�M/ �HH T�bi BMTmibX

(accumulation)



Example: Accumulator
<latexit sha1_base64="eBv+M//V9mKy02ukMFa6pO0eKIA="></latexit>

*QMbB/2` �M GhA bvbi2K ?�pBM; BKTmHb2 `2bTQMb2 u[n]X
h?2 QmiTmi Bb

<latexit sha1_base64="eoFsRcCRAXIzNXjHUITv53fo2vg="></latexit>

y[n] = x[n] ⇤ u[n]

=
1X

k=�1
u[k]x[n� k] =

1X

k=0

x[n� k]

=
1X

k=�1
x[k]u[n� k] =

nX

k=�1
x[k]

<latexit sha1_base64="b0ihlGQ0OBV2GHhefAD8X0V+n5I="></latexit>

h?2 QmiTmi y[n] Bb i?2 �++mKmH�i2/ bmK Q7 i?2 +m``2Mi
�M/ �HH T�bi BMTmibX

(accumulation)

<latexit sha1_base64="IkLvyC6uX8NxhnhiKwGBuC/IOTE="></latexit>

y[n] =
1X

k=0

x[n� k]

NX

k=0

a[k]y[n� k] =
MX

m=0

b[m]x[n�m]

<latexit sha1_base64="wHuO/9Pd+VPyftHCYcocZotmndU="></latexit>

a[0] = 1, N = 0

b[n] = 1 7Q` �HH n � 0,M = 1



Example: Accumulator

<latexit sha1_base64="avq/TeUYm2E9AfhN+i6jfhs17Lc="></latexit>

a[0] = 1, a[1] = �1, N = 1

b[0] = 1,M = 0

(diff. eq. representation

is more compact)

<latexit sha1_base64="y9uUKsYtSantP0+AmhYI8vSJvSc="></latexit>

y[n] =
nX

k=�1
x[k]

= x[n] +
n�1X

k=�1
x[k]

= x[n] + y[n� 1]

y[n]� y[n� 1] = x[n]

NX

k=0

a[k]y[n� k] =
MX

m=0

b[m]x[n�m]

y = filter(1,[1,-1],x) (Matlab command)



Example: Accumulator
<latexit sha1_base64="bsHXIAlkYLmH7hb6bM/7GupQcr0="></latexit>

y[n] = x[n] + y[n� 1]

<latexit sha1_base64="t41NRIJx7U4Qo/9CMoBzhe7sLxA="></latexit>

�[n� 1]

<latexit sha1_base64="t1s29Bs4pyG9BOKrQq0mrKcoTPU="></latexit>

y[n]

<latexit sha1_base64="XkK3l3mCihemAXl8GHF3bYKuU6Q="></latexit>

y[n� 1]

<latexit sha1_base64="FHKubBg5qMk7xB0abstU6v/yNZA="></latexit>

x[n]

(block diagram)

delay



Example: Moving Average

(impulse response)

This representation uses L adds.

<latexit sha1_base64="CqACRl3wkaY3J7Ph7pdzOku5w6g="></latexit>

b[n] =

(
1
L , n = 0, 1, · · · , L� 1

0, Qi?2`rBb2

=

✓
1

L

◆
(u[n]� u[n� L])

=

✓
1

L

◆
(�[n]� �[n� L]) ⇤ u[n]

<latexit sha1_base64="6EW6T7xHlDFaus68ZThuYKIonkw="></latexit>

y[n] =
1

L

L�1X

k=0

x[n� k]

<latexit sha1_base64="nsMWjceOqFHjlWs9XnjHr9Mmyws="></latexit>

N = 0, a = 1
<latexit sha1_base64="+XHyaTtn5HLEsZA0Kc1bWI5LVJY="></latexit>

M = L� 1, b =


1

L
, · · · , 1

L

�

<latexit sha1_base64="usUGdtUIV9O/kkFDvARMuE3WFoQ="></latexit>

L H2M;i?

y = filter(b,a,x) in Matlab

y = conv(b,x) in Matlab

(What is the difference?)

This means no


feedback, i.e. FIR.



Example: Moving Average

<latexit sha1_base64="t1s29Bs4pyG9BOKrQq0mrKcoTPU="></latexit>

y[n]
<latexit sha1_base64="FHKubBg5qMk7xB0abstU6v/yNZA="></latexit>

x[n]
+

-

accumulator
<latexit sha1_base64="fx+SrRNDFrCCU1HpGLc5s6QHiZo="></latexit>

x[n]

<latexit sha1_base64="J3vvIS5LBB+PhlQVaDopN+4Qb18="></latexit>

y[n� 1]

combgain

This representation uses less arithmetic: 2 adds.

<latexit sha1_base64="LTPYEQZ5cUjhLUstiqQV0n3OJ5k="></latexit>

�[n� 1]

<latexit sha1_base64="CqACRl3wkaY3J7Ph7pdzOku5w6g="></latexit>

b[n] =

(
1
L , n = 0, 1, · · · , L� 1

0, Qi?2`rBb2

=

✓
1

L

◆
(u[n]� u[n� L])

=

✓
1

L

◆
(�[n]� �[n� L]) ⇤ u[n]

<latexit sha1_base64="dCYE3Mowgk93rph38YOLl45j+jM="></latexit>

1

L
<latexit sha1_base64="A4aVbFLrE3df9vloV1En/GFmJuA="></latexit>

�[n� L]
<latexit sha1_base64="pY2ukkcNf1NkafI27vLgSMzyog0="></latexit>

x[n� L]



Example: Moving Average

<latexit sha1_base64="t1s29Bs4pyG9BOKrQq0mrKcoTPU="></latexit>

y[n]
<latexit sha1_base64="FHKubBg5qMk7xB0abstU6v/yNZA="></latexit>

x[n]
+

-

accumulator
<latexit sha1_base64="fx+SrRNDFrCCU1HpGLc5s6QHiZo="></latexit>

x[n]

<latexit sha1_base64="J3vvIS5LBB+PhlQVaDopN+4Qb18="></latexit>

y[n� 1]

combgain

<latexit sha1_base64="LTPYEQZ5cUjhLUstiqQV0n3OJ5k="></latexit>

�[n� 1]

<latexit sha1_base64="dCYE3Mowgk93rph38YOLl45j+jM="></latexit>

1

L
<latexit sha1_base64="A4aVbFLrE3df9vloV1En/GFmJuA="></latexit>

�[n� L]
<latexit sha1_base64="pY2ukkcNf1NkafI27vLgSMzyog0="></latexit>

x[n� L]

<latexit sha1_base64="jNVVUGMdRY5SJMLwm3OBCwOkrwY="></latexit>

y[n] = y[n� 1] +
1

L
(x[n]� x[n� L])

y[n]� y[n� 1] =
1

L
(x[n]� x[n� L])

<latexit sha1_base64="CqlbOWjIu2AP4gK1M0Gsng/2sMU="></latexit>

N = 1, a = [1,�1]

<latexit sha1_base64="hirPI23NIKZvd7POXSzsRrrE91w="></latexit>

M = L� 1, b =


1

L
, 0, · · · , 0,� 1

L

�



Example: Moving Average

<latexit sha1_base64="t1s29Bs4pyG9BOKrQq0mrKcoTPU="></latexit>

y[n]
<latexit sha1_base64="FHKubBg5qMk7xB0abstU6v/yNZA="></latexit>

x[n]
+

-

accumulator
<latexit sha1_base64="fx+SrRNDFrCCU1HpGLc5s6QHiZo="></latexit>

x[n]

<latexit sha1_base64="J3vvIS5LBB+PhlQVaDopN+4Qb18="></latexit>

y[n� 1]

combgain

<latexit sha1_base64="LTPYEQZ5cUjhLUstiqQV0n3OJ5k="></latexit>

�[n� 1]

<latexit sha1_base64="dCYE3Mowgk93rph38YOLl45j+jM="></latexit>

1

L
<latexit sha1_base64="A4aVbFLrE3df9vloV1En/GFmJuA="></latexit>

�[n� L]
<latexit sha1_base64="pY2ukkcNf1NkafI27vLgSMzyog0="></latexit>

x[n� L]

<latexit sha1_base64="jNVVUGMdRY5SJMLwm3OBCwOkrwY="></latexit>

y[n] = y[n� 1] +
1

L
(x[n]� x[n� L])

y[n]� y[n� 1] =
1

L
(x[n]� x[n� L])

<latexit sha1_base64="CqlbOWjIu2AP4gK1M0Gsng/2sMU="></latexit>

N = 1, a = [1,�1]

<latexit sha1_base64="hirPI23NIKZvd7POXSzsRrrE91w="></latexit>

M = L� 1, b =


1

L
, 0, · · · , 0,� 1

L

�



Example: Moving Average

<latexit sha1_base64="t1s29Bs4pyG9BOKrQq0mrKcoTPU="></latexit>

y[n]
<latexit sha1_base64="FHKubBg5qMk7xB0abstU6v/yNZA="></latexit>

x[n]
+

-

accumulator
<latexit sha1_base64="fx+SrRNDFrCCU1HpGLc5s6QHiZo="></latexit>

x[n]

<latexit sha1_base64="J3vvIS5LBB+PhlQVaDopN+4Qb18="></latexit>

y[n� 1]

combgain

<latexit sha1_base64="LTPYEQZ5cUjhLUstiqQV0n3OJ5k="></latexit>

�[n� 1]

<latexit sha1_base64="dCYE3Mowgk93rph38YOLl45j+jM="></latexit>

1

L
<latexit sha1_base64="A4aVbFLrE3df9vloV1En/GFmJuA="></latexit>

�[n� L]
<latexit sha1_base64="pY2ukkcNf1NkafI27vLgSMzyog0="></latexit>

x[n� L]

<latexit sha1_base64="jNVVUGMdRY5SJMLwm3OBCwOkrwY="></latexit>

y[n] = y[n� 1] +
1

L
(x[n]� x[n� L])

y[n]� y[n� 1] =
1

L
(x[n]� x[n� L])

<latexit sha1_base64="CqlbOWjIu2AP4gK1M0Gsng/2sMU="></latexit>

N = 1, a = [1,�1]

<latexit sha1_base64="hirPI23NIKZvd7POXSzsRrrE91w="></latexit>

M = L� 1, b =


1

L
, 0, · · · , 0,� 1

L

�

y = filter(b,a,x) in Matlab

<latexit sha1_base64="BHUnLhlh885JxfmITOB4PZva/qo="></latexit>

L� 1 x2`Qb
L+ 1 H2M;i?



Convolution and Filtering in Matlab

x = cos(2*pi*0.1*[0:19]);

h = ones(1,5);

y = conv(h,x);

length 20

length 5

length 24
<latexit sha1_base64="r9Vskf5JDvHOHDRLdkE6Jzsy3LI="></latexit>

Ly = Lx + Lh � 1

Length of convolution

result:



Convolution and Filtering in Matlab

x = cos(2*pi*0.1*[0:19]);

h = ones(1,5);

y = filter(h,1,x);

length 20

length 5

length 20

Length of filtering

result:

<latexit sha1_base64="KQ81+JK19TaETcYYp1Vr6qlKnlc="></latexit>

Ly = Lx



Convolution and Filtering in Matlab

x = [cos(2*pi*0.1*[0:19]),zeros(1,4)];

h = ones(1,5);

y = filter(h,1,x); (zero padding)

length 20

length 5

length 24
<latexit sha1_base64="r9Vskf5JDvHOHDRLdkE6Jzsy3LI="></latexit>

Ly = Lx + Lh � 1

Length of convolution

result:

Make filtering perform 

convolution by zero 

padding the input.

<latexit sha1_base64="ac5dBFeU8fiSgzGOfY6NorCdrHI="></latexit> w2`Q T�/ #v Lh � 1X



Impulse Response

Q: Given a difference equation, how do you compute the

impulse response?

<latexit sha1_base64="f1tE/TWgzqzEUR6xLy8YNIRKQN0="></latexit>

a[0]y[n] =
MX

m=0

b[m]x[n�m]�
NX

k=1

a[k]y[n� k]

A: Put in an impulse and see what comes out.
<latexit sha1_base64="R+0x+QoEsJtzAoJk455cR1WuQfY="></latexit>

a = [a0, a1, · · · , aN ]

b = [b0, b1, · · · , bM ]

� = [1, 0, 0, · · · , 0]
h = [h0, h1, · · · , hL]

h = 7BHi2`(b,a, �)

(Kronecker delta sequence)

(Impulse response)

Note: This only computes the first L samples

of the impulse response.  To compute the

entire impulse response sequence, we will need

the z-transform.



Butterworth Filter Impulse Response

[b,a]=butter(6,0.03); % LPF

h = filter(b,a,[1,zeros(1,300)]);

stem([0:300],h,'LineWidth',2);

• This gives the first 301 samples of the impulse response, which continues forever.

• At some point the impulse response amplitude becomes negligible.

• Truncation gives an approximate FIR filter.

• Difference equation realization more computationally efficient than convolution with 

truncated impulse response.


